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Infection of a Homogeneous Population by a Known Bacterium
Abstract
In order for the development of antibiotics and vaccines to be successful, the lifecycle and infection pattern of
a pathogen must be studied well. In this paper, we study the rate of replication and the pattern of infection in a
homogeneous population, which may or may not have an effective immunity or immunization program
against the pathogen. We utilize three functions: one will determine the rate with which the pathogen
replicates; the second will show the result of an infection by a single individual of a susceptible population
without a removal rate; and the third will include the removal rate and its dependent factor, intensity.
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Problem Statement 
What conditions allow a single infected person to create an epidemic in a homogeneous 
population of susceptible individuals if the pathogenic organism replicates quickly and has a 
sequenced genome that is littered with other bacterial genes? 
 
Motivation 
Many rapidly replicating bacterial pathogens are present within human beings, especially in the 
upper respiratory tract. One particular bacterial organism Streptococcus pneumonia—which kills 
approximately 1.1 million people worldwide and is one of the top ten causes of death in the US 
(JB 5709)—outcompetes Haemophilius influenza and Neisseria meningitidis (all three are 
commonly found in patient samples) by inhibiting their growth via a gene-regulated excessive 
production of Hydrogen Peroxide and a fast duplication rate in nutrient-rich conditions, such as 
blood (JB, 5713). Therefore, it is an appropriate candidate for analysis in this paper, as it has the 
potential to cause a true epidemic outbreak. 
 
Mathematical Description and Solution 
In this paper, three equations will be utilized. One will demonstrate that under normal bodily 
temperature (37 ℃) and nutrient rich conditions the virulent strain of the S. pneumonia will 
double every 30 minutes and will produce a large colony capable of infecting other susceptible 
individuals (children and young adults) within hours (TOTB, 04/30/09). The second—an integral 
equation of a simple epidemic model without a removal rate—will demonstrate that a single 
infected individual can spread the pathogen relatively quickly among the susceptible, even those 
who are not in direct contact with the infected person. The third equation will implement a 
removal rate estimation, which will determine whether this outbreak will grow into a full 
epidemic and what its overall intensity will be. 
 
Bacterial Population Growth  
The population growth, 𝑑𝑃/𝑑𝑡, of the S. pneumonia colony can be modeled by 
 
𝑑𝑃
𝑑𝑡
=
3000
1 + 𝑡/4
 
where 𝑡 is the time in hours (CETF, 360). The initial population (at 𝑡 =  0) consists of 1000 
bacteria. The integral of the function yields the population, 𝑃 (𝑡), as a function of time:  
𝑃 𝑡 =  
3000
1 + 𝑡/4
𝑑𝑡 
Making the substitutions 𝑢 =  1 +  1/4𝑡 and 𝑑𝑢 =  1/4𝑑𝑡, we obtain  
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𝑃 𝑡 = 12000 ln  1 +
𝑡
4
 + 𝐶 , 
where 𝐶 =  1000. Therefore,  
𝑃 𝑡 = 1000  12 ln  1 +
𝑡
4
 + 1  
 
Spread of Infection  
Assume that the population initially contains one infected individual; let 𝑥 represent the number 
of additional individuals infected. The second equation reflects the hypothesis that the infection 
spreads at a rate proportional to the product of the infected population, 𝑥 + 1, and the remaining 
uninfected population, 𝑛 − 𝑥 (CETF, 560): 
𝑑𝑥
𝑑𝑡
= 𝑘(𝑥 + 1)(𝑛 − 𝑥) 
where 𝑘 is the constant of proportionality and 𝑛 represents the total population. Refer to the 
Appendix for a full solution. Two graphs for different populations (𝑛 =  10 and 𝑛 =  100) are 
also included in the Appendix to illustrate the solution to this equation. 
 
Removal-Rate Estimation 
If immunity or an immunization program is present in the population described above, then 
according to the famous equations of Kermack and McKendrick (EM, 28) the number of 
susceptible individuals, 𝑦, is related to the number, 𝑧, of immune individuals and the number, 𝑥, 
of infected individuals according to the following equations: 
𝑑𝑦
𝑑𝑡
= −𝛽𝑦𝑥 
𝑑𝑥
𝑑𝑡
= 𝛽𝑦𝑥 − 𝛾𝑥 
𝑑𝑧
𝑑𝑡
= 𝛾𝑥 
where 𝛽 is the constant infection parameter and γ is the constant removal rate.  
Then, 𝑑𝑦/𝑑𝑧 = −
𝛽
𝛾
𝑦 = −𝑥/𝑝, where 𝑝 = 𝛾/𝛽 is the relative removal rate. 𝛽, 𝛾, and 𝑝 are 
determined by the particular outbreak (EM 29). The intensity, 𝜄, of an epidemic is defined by 
𝜄 =  1 −
𝑝
𝑁
 × 100 
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Discussion 
Using the model for bacterial population growth, we may compute the populations at varying 
times:  
P (1/2) = 1000 [12 ln (9/8) + 1] ≈ 2413 bacteria 
P (5) = 1000 [12 ln (9/4) + 1] ≈ 10731 bacteria 
P (10) = 1000 [12 ln (7/2) + 1] ≈ 16033 bacteria 
P (15) = 1000 [12 ln (19/4) + 1] ≈ 19698 bacteria 
We conclude that within 15 hours 1000 bacteria will replicate to a colony numbering 
approximately 20000. Therefore, a single infected person can begin infecting others within the 
first day of contact. 
If no immunity or an immunization program is present in a susceptible population, then the 
newly duplicated bacteria will infect the entire susceptible population. In other words,  
lim
𝑡→∞
𝑥 = 𝑛 
The graphs demonstrate that the single infected person has the potential to infect the whole 
population without direct contact will all of the susceptible members in a specific timeframe. 
The p value (relative removal rate) has two important implications for the progress of an 
outbreak into a full epidemic: 
a. If 𝑝 < 𝑦0 (initial number of susceptible persons), then the infected population will 
increase until 𝑥 = 𝑦 after a time measured in days as predicted by the second equation. 
(EM, 33). 
b. The intensity (ι) of an epidemic: 
 
𝜄 =  [1 –  (4/10) ]  100% =  60% 
𝜄 =  [1 –  (3.3/10)]  ⋅  100% =  67%, 
𝜄 =  [1 –  (3/10)]  ⋅  100% =  70% 
as soon as n ≥ 3p an epidemic will occur (EM, 35). 
 
Conclusions and Recommendations 
Several important facts are evident about the spread and the control of the discussed disease-
causing bacterium: 
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1. A pathogen that has a high-rate reproduction cycle has the potential to infect the total 
population, in seven days for 𝑛 = 10 (x = 9.95) and in nine days for 𝑛 = 100 (x = 99.5) if no 
form of immunity is present. 
 
2. The value of 𝑝 (relative removal rate) indicates the intensity of an outbreak. If it is 
maintained, then the minimal infection that enters the population will not progress into an 
epidemic because the pathogen will not find susceptible hosts in which to thrive and many 
susceptible persons will be immunized.  
 
3. If p < xo (initial value of susceptible persons), then the infected population (y) will increase 
until x = y. This can be avoided via vaccination of the susceptible population prior to the 
infection. For example, if 50% of the population is vaccinated, then p can never be less than 
xo and the intensity of the outbreak cannot reach the epidemic levels of 67%. 
 
4. Considering that the genome (total genetic code of an organism) S. pneumonia has been 
sequenced and the genes that control the “cell division, DNA replication and repair, 
translation, cell wall biosynthesis, catabolic and biosynthetic pathways”  are known (JB, 
5713), along with the polysaccharide capsule generation, which makes the bacterium able to 
cause severe disease, one possible recommendation can be to create antibiotics and vaccines 
that target these specific elements and not simply the physiology of the bacterium. 
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Appendix 
 
Solution of the Bacterial Population Growth Equation:  
𝑑𝑥
𝑑𝑡
= 𝑘(𝑥 + 1)(𝑛 − 𝑥) 
𝑛 = susceptible persons 
𝑥 = infected persons 
𝑘 = the rate at which the susceptible persons become infected 
𝑡 = time  
 
 
1
(𝑥 + 1)(𝑛 − 𝑥)
𝑑𝑥 =   𝑘𝑑𝑡 
𝐴
𝑥 + 1
+
𝐵
𝑛 − 𝑥
=
1
 𝑥 + 1  𝑛 − 𝑥 
 
𝐴 𝑛 − 𝑥 + 𝐵 𝑥 + 1 = 1 
 𝐵 − 𝐴 𝑥 + 𝐵 + 𝐴𝑛 = 1 
⇒ 𝐵 = 𝐴  and  𝐴 + 𝐵𝑛 = 1 
⇒ 𝐴 + 𝐴𝑛 = 1 ⇒ 𝐴 =
1
1 + 𝑛
⇒ 𝐵 =
1
1 + 𝑛
 
 
Therefore,  
 
1
(𝑥 + 1)(𝑛 − 𝑥)
𝑑𝑥 =
1
1 + 𝑛
  
1
𝑥 + 1
+
1
𝑛 − 𝑥
 𝑑𝑥 
 
=
1
1 + 𝑛
 ln 𝑥 + 1 − ln⁡|𝑛 − 𝑥| =
1
1 + 𝑛
ln  
𝑥 + 1
𝑛 − 𝑥
  
and so 
1
1 + 𝑛
ln  
𝑥 + 1
𝑛 − 𝑥
 = 𝑘𝑡 + 𝐶.   
 
When only a carrier is present, 𝑥 =  0 and 𝑡 =  0, which implies that  
𝐶 =
1
𝑛 + 1
ln
1
𝑛
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1
1 + 𝑛
ln  
𝑥 + 1
𝑛 − 𝑥
 = 𝑘𝑡 +
1
𝑛 + 1
ln
1
𝑛
 
 
ln
𝑥 + 1
𝑛 − 𝑥
=  𝑛 + 1 𝑘𝑡 − ln 𝑛  ⇒  
𝑥 + 1
𝑛 − 𝑥
= 𝑔 ≔
𝑒 𝑛+1 𝑘𝑡
𝑛
 
 
𝑥 + 1 = 𝑔𝑛 − 𝑔𝑥 ⇒ 𝑥 1 + 𝑔 = 𝑔𝑛 − 1 ⇒ 𝑥 =
𝑔𝑛 − 1
1 + 𝑔
 
𝑥 = 𝑛
𝑒 𝑛+1 𝑘𝑡 − 1
𝑛 + 𝑒 𝑛+1 𝑘𝑡
 
 
 
The following charts give the growth of the infected population with time for two populations,  
N = 10 and N = 100, corresponding to 𝑘 = 0.1 and 𝑘 = 0.01, respectively.  
 
Days (t) Infected  
 
0 0 
1 1.5418 
2 4.2181 
3 7.0361 
4 8.7972 
5 9.5681 
6 9.8524 
7 9.9504 
8 9.9834 
9 9.9945 
10 9.9982 
11 9.9994 
12 9.9998 
13 9.9999 
16 10 
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Days (t) Infected  
 
0 0 
1 1.9457 
2 7.36071 
3 20.5429 
4 44.3375 
5 70.6985 
6 87.9056 
7 95.6246 
8 98.5002 
9 99.4958 
10 99.8316 
11 99.9439 
12 99.9813 
13 99.9938 
14 99.9979 
15 99.9993 
16 99.9998 
17 99.9999 
18 100 
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